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FLIPS OF MODULI OF STABLE TORSION FREE SHEAVES
WITH c1 = 1 ON P
2
RYO OHKAWA
Abstract. We study flips of moduli schemes of stable torsion free sheaves
E with c1(E) = 1 on P2 as wall-crossing phenomena of moduli schemes of
stable modules over certain finite dimensional algebra. They are described as
stratified Grassmann bundles.
Dedicated to Takao Fujita on the occasion of his 60th birthday
1. Introduction
1.1. Background. We denote by MP2(r, c1, n) the moduli of semistable torsion
free sheaves E on P2 with the Chern class c(E) = (r, c1, n) ∈ H∗(P2,Z). In this
paper we treat the case where c1 = 1. In this case semistability and stability for E
coincide. When n ≥ r ≥ 2, or n ≥ 2 and r = 1, the Picard number of MP2(r, 1, n)
is equal to 2 and we have two birational morphisms from MP2(r, 1, n), which is
described below.
One is defined by J. Li [Li97] for general cases. We denote by MP2(r, 1, n)0
the open subset of MP2(r, 1, n) consisting of stable vector bundles. The Uhlenbeck
compactification MP2(r, 1, n) of MP2(r, 1, n)0 is described set theoretically by
MP2(r, 1, n) = ⊔i≥0MP2(r, 1, n− i)0 × Si(P2).
The map pi : MP2(r, 1, n)→MP2(r, 1, n) : E 7→ pi(E) is defined by
pi(E) := (E∨∨, Supp(E∨∨/E)) ∈MP2(r, 1, n− i)0 × Si(P2),
where E∨∨ is the double dual of E and i is the length of E∨∨/E. In the case where
r = 1, this morphism is called the Hilbert-Chow morphism pi : (P2)[n] → Sn(P2)
and it is a divisorial contraction when n ≥ 2. In the case where r ≥ 2, this
map is birational since it is an isomorphism on MP2(r, 1, n)0 to its image. It is
shown that the codimension of the complement of MP2(r, 1, n)0 is equal to 1 when
MP2(r, 1, n− 1) 6= ∅ (cf. [Mar88, Proposition 3.23]). Hence this map is a divisorial
contraction.
The other one is defined by Yoshioka. In his paper [Yos03] on moduli of torsion
free sheaves on rational surfaces, he studied the following morphism
ψ : MP2(r, 1, n)→MP2(n+ 1, 1, n).
For any E ∈MP2(r, 1, n), ψ(E) is defined by the exact sequence
(1) 0→ Ext1P2(E,OP2)∨ ⊗OP2 → ψ(E)→ E → 0,
which is called the universal extension, where Ext1P2(E,OP2)∨ is the dual vector
space of Ext1P2(E,OP2). Here we have HomP2(E,OP2) = Ext2P2(E,OP2) = 0 and
(n+ 1, 1, n) ∈ H∗(P2,Z) is the Chern class of
[E]− χ(E,OP2)[OP2 ] = [E] + dimExt1P2(E,OP2)[OP2 ] ∈ K(P2),
where χ(E,OP2) =
∑
i(−1)i dimC ExtiP2(E,OP2).
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Furthermore the moduli space MP2(r, 1, n) has a stratification
MP2(r, 1, n) = ⊔ri=0M iP2(r, 1, n),
where M i
P2
(r, 1, n) := {E ∈MP2(r, 1, n) | dimCHomP2(OP2 , E) = i} and it is called
the Brill-Noether locus. The following theorem is shown in [Yos03].
Theorem 1.1. cf. [Yos03, Theorem 5.8] The following hold.
(1) There exists an isomorphism
M i
P2
(r, 1, n) ∼= ψ−1 (Mn−r+i+1
P2
(n+ 1, 1, n)
)
.
(2) The restriction of ψ to each strataM i
P2
(r, 1, n) is a Gr(n−r+i+1, i)-bundle
over the strata Mn−r+i+1
P2
(n+ 1, 1, n).
By the above theorem if n is large enough, ψ is a birational morphism to the
image imψ and it is a flipping contraction. By the theory of the birational geometry
[BCHM10] we have the diagram called flip
(2) M+(r, 1, n)
ψ+
%%K
KK
KK
KK
KK
K
MP2(r, 1, n).oo_ _ _ _ _ _ _ _
ψ
yyrr
rr
rr
rr
rr
imψ
The purpose of this note is to describe spacesM+(r, 1, n), imψ and the morphism
ψ+ in the above diagram using terms of moduli spaces. We follow ideas in [Ohk].
We consider MP2(r, 1, n) as a moduli scheme of semistable modules over the finite
dimensional algebra EndP2 (OP2(1)⊕ ΩP2(3)⊕OP2(2)) and study the wall-crossing
phenomena as the stability changes using the result of [Ohk] as follows.
1.2. Main results. We introduce the exceptional collection
E :=
(OP2(1),Ω1P2(3),OP2(2))
on P2 and put E := OP2(1) ⊕ Ω1P2(3) ⊕ OP2(2) and B := EndP2(E). We denote
abelian categories of coherent sheaves on P2 and finitely generated right B-modules
by Coh(P2) and mod-B respectively. Then by Bondal’s Theorem [Bon89], the
functor Φ := RHomP2(E ,−) gives an equivalence
Φ: Db(P2) ∼= Db(B),
where Db(P2) and Db(B) are the bonded derived categories of Coh(P2) and mod-B
respectively. The equivalence Φ also induces an isomorphism ϕ : K(P2) ∼= K(B)
between the Grothendieck groups of Coh(P2) and mod-B.
For α ∈ K(B), we put
α⊥ := {θ ∈ HomZ(K(B),R) | θ(α) = 0}.
Any θ ∈ α⊥ defines a stability condition of B-modules E with [E] = α. We denote
by MB(α, θ) the moduli space of θ-semistable B-modules E with [E] = α. In
particular we take
αr = αr,n := ϕ(nOP2(−1)[2] + (2n− r + 1)OP2 [1] + (n− 1)OP2) ∈ K(B).
Here we omit subscription ”n” although αr depends on n, since we almost always
fix n in this paper. There exists a wall-and-chamber structure on α⊥r .
When n is large enough we find two chambers C−, C+ and a wall W0 ⊂ α⊥r
between them such that the following propositions hold (cf. § 3). We put
M−(αr) :=MB(αr, θ−), M+(αr) :=MB(αr, θ+), M0(αr) :=MB(αr, θ0)
for any θ− ∈ C−, θ+ ∈ C+ and θ0 ∈ C0.
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Proposition 1.2. [Ohk, Main Theorem 1.3 (iii)] We have an isomorphism
MP2(r, 1, n) ∼=M−(αr) : E 7→ Φ(E[1]).
We automatically get the following diagram
(3) M+(αr)
f+
%%K
KK
KK
KK
KK
K
M−(αr).
f−
yyss
ss
ss
ss
ss
M0(αr)
By analyzing this diagram we see that diagrams (2) and (3) coincide up to isomor-
phism. In particular we get the following proposition.
Proposition 1.3. We have isomorphisms
(1) M0(αr) ∼= imψ and
(2) M+(αr) ∼=M+(r, 1, n).
Proofs of Proposition 1.3 are given in § 3.1 for (1) and in § 3.4 for (2). Using
the B-module S0 := Φ(OP2 [1]) we define the Brill-Noether locus similar to one in
Yoshioka’s theory,
M i−(αr) = {E ∈M−(αr) | dimCHomB(S0, E) = i},
M i+(αr) = {E ∈M+(αr) | dimCHomB(E, S0) = i}.
Our situation is similar to [NY] and we have our main theorem.
Theorem 1.4. Assume n ≥ r + 2. Then for each i the following hold.
(1) The images f+(M
i
+(αr)) and f−(M
i
−(αr)) coincide in M0(αr).
We put M i0(αr) := f+(M
i
+(αr)) = f−(M
i
−(αr)).
(2) We have isomorphisms M i0(αr)
∼=M0−(αr−i) ∼=M0+(αr−i).
(3) We have isomorphisms M i+(αr)
∼= f−1+ (M i0(αr)).
(4) The restrcition of f+ to each stratum M
i
+(αr) → M i0(αr) is a Gr(n − r +
i− 2, i)-bundle over M i0(αr).
Note that M+(αr) 6= ∅ if and only if n ≥ r + 2. Proofs of Main Theorem 1.4
are given in § 3.3 for (1) and § 3.6 for the others. We also give a new proof of
Theorem 1.1 using terms of B-modules via the isomorphismMP2(r, 1, n) ∼=M−(αr)
in § 3.6. By these descriptions we see thatM+(r, 1, n) is smooth and we can compute
Hodge polynomials of M+(r, 1, n) from those of MP2(r, 1, n).
The paper is organized as follows. In §2 we introduce a description of Picard
group of MP2(r, 1, n) in terms of θ-stability of right B-modules. In §3 we study the
wall-crossing phenomena of moduli of θ-semistable right B-modules. This is de-
scribed as stratified Grassmann bundles and this gives a proof of Main Theorem 1.4.
In the Appendix by using Bridgeland stability we give a proof of Proposition 3.11,
which is similar to [Ohk, Main Theorem 5.1].
Notation. We fix the following notation in the paper:
If A is a matrix we denote by tA the transpose of A. If V is C-vector space then
we denote by V ∨ the dual vector space HomC(V,C) of V and we also denote by
Gr(V, i) the Grassmann manifold of i-dimensional subspaces of V. We consider the
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polynomial ring C[x0, x1, x2] and the tensor product V ⊗C[x0, x1, x2]with a vector
space V . For any monomial m ∈ C[x0, x1, x2] we put
V ⊗m := {v ⊗m ∈ V ⊗ C[x0, x1, x2] | v ∈ V }.
We put x := (x0, x1, x2) and denote by V ⊗ x the direct sum
(V ⊗ x0)⊕ (V ⊗ x1)⊕ (V ⊗ x2)
of V . We denote the i-th embedding V → V ⊗x and the i-th projection V ⊗x→ V
by xi and x
∗
i for i = 0, 1, 2, respectively. For morphisms fij : U → V between vector
spaces U and V for i, j = 0, 1, 2, we denote by the matrix
f00 f01 f02f10 f11 f12
f20 f21 f22
 the
morphism
f :=
∑
i,j
xi ◦ fij ◦ x∗j : U ⊗ x→ V ⊗ x.
We also use similar notation for vector bundles.
For any path algebra of quiver with relations, we identify modules over the
algebra and representations of the corresponding quiver with relations.
2. Picard group of MP2(r, 1, n)
We introduce an explicit description of the Picard group of MP2(r, 1, n) in terms
of B-modules.
2.1. Finite dimensional algebra B. Finite dimensional algebra B = EndP2(E)
is written as a path algebra of the following quiver with relations (Q, J), where Q
is defined as
Q := v−1• v0•
γi
oo v1• ,
δj
oo (i, j = 0, 1, 2)
and J is generated by the following relations
(4) γiδj + γjδi = 0, (i, j = 0, 1, 2).
We identify categories Db(P2) and Db(B) and groups K(P2) and K(B) via Φ and
ϕ. For example, we denote OP2(i−1)[2−i] and the corresponding simple B-module
Cvi = Φ(OP2(i− 1)[2− i])
by the same symbols Si for i = −1, 0, 1.
We put ei := [Si] ∈ K(B) (i = −1, 0, 1). Then we have
K(B) = Ze−1 ⊕ Ze0 ⊕ Ze1.
We denote the dual base by {e∗−1, e∗0, e∗1}. For α−1, α0, α1 ∈ Z, by
(5) α =
α−1α0
α1
 ∈ K(B)
we denote α = α−1e−1 + α0e0 + α1e1 ∈ K(B) and for θ−1, θ0, θ1 ∈ R, by
θ = (θ−1, θ0, θ1) ∈ HomZ(K(B),R),
we denote θ = θ−1e∗−1 + θ
0e∗0 + θ
1e∗1 ∈ HomZ(K(B),R).
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2.2. Moduli of semistable B-modules. For any α ∈ K(B) and θ ∈ α⊥ ⊗ R ⊂
HomZ(K(B),R), we define θ-stability as follows. Here
α⊥ = {θ ∈ HomZ(K(B),Z) | θ(α) = 0}.
Definition 2.1. A right B-module E with [E] = α in K(B) is said to be θ-
semistable if for any proper submodule F ⊂ E, the inequality θ(F ) ≥ θ(E) = 0
holds. If the inequality is always strict, then E is said to be θ-stable.
ByMB(α, θ) we denote a moduli scheme of θ-semistable B-module E with [E] =
α. We define wall and chamber structure on α⊥ ⊗ R as follows. Wall is a ray
W = R≥0θ
W in α⊥ ⊗ R satisfying that there exists a θW -semistable B-module E
such that E has a proper submodule F with [F ] /∈ Q>0α in K(B) and θW (F ) = 0.
A chamber is a connected component of (α⊥⊗R)\∪W , where W runs over the set
of all walls in α⊥ ⊗ R. For any chamber C ⊂ α⊥ ⊗ R, the moduli space MB(α, θ)
does not depend on the choice of θ ∈ C.
Here we assume that α ∈ K(B) is indivisible and θ is not on any wall in α⊥,
then there exists a universal family U of B-modules on MB(α, θ)
(6) U :=
(
U−1 γ
∗
i−−−−−−−−−−→ U0
δ∗j−−−−−−−−−→ U1
)
, (i, j = 0, 1, 2)
where U−1, U0 and U1 are vector bundles corresponding to vertices v−1, v0, v1 and
γ∗i : U−1 → U0, δ∗j : U0 → U1 are morphisms corresponding to arrows γi, δj .
2.3. Deformations of B-modules. We take α ∈ K(B) defined by (5). For any
B-module E with [E] = α, by choosing basis of Ev−1, Ev0 and Ev1 we have an
isomorphism
(7) E ∼= (Cα−1 Ci→ Cα0 Dj→ Cα1),
where Ci ∈ HomC(Cα−1 ,Cα0) and Dj ∈ HomC(Cα0 ,Cα1) correspond to the action
of γi and δj respectively for i, j = 0, 1, 2. The pull back of the heart mod-B of the
standard t-structure ofDb(B) by Φ is a full subcategoryA := 〈O(−1)[2],O[1],O(1)〉
of Db(P2). The following complex of coherent sheaves on P2
O(−1)α−1
∑
i
Cixi−−−−−→ Oα0
∑
i
Djxj−−−−−−→ O(1)α1
corresponds to E in (7) via the equivalence Φ, where x0, x1, x2 are homogeneous
coordinates of P2. By [Ohk, Lemma 4.6 (1)], Ext2B(E,E) is isomorphic to the
cokernel of the map
(8)
(⊕
i
HomC(C
α−1 ,Cα0)xi
)⊕⊕
j
HomC(C
α0 ,Cα1)xj

d→
⊕
i≤j
HomC(C
α−1 ,Cα1)xixj ,
where the map d is defined by
d(
∑
i
ξixi,
∑
j
ηjxj) =
∑
i,j
(Djξi + ηiCj)xixj
for ξi ∈ HomC(Cα−1 ,Cα0) and ηj ∈ HomC(Cα0 ,Cα1), (i, j = 0, 1, 2). We study the
deformation functor DE : (Artin/k)→ (Sets). For any Artin local k-ring R, the set
DE(R) consists of right R⊗B-modules ER
ER = (Rα−1
CRi→ Rα0 D
R
j→ Rα1), DRj CRi +DRi CRj = 0
such that CRi ≡ Ci, DRj ≡ Dj modulo mR for each i, j = 0, 1, 2, where CRi and DRj
is R-linear maps and mR is the maximal ideal of R. We show the following lemma.
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Lemma 2.2. The deformation functor DE has an obstruction theory with values
in Ext2B(E,E).
Proof. For any small extension
0→ a→ R′ → R→ 0
with mRa = 0 and E
R = (CRi , D
R
j ) ∈ DE(R), we write CRi = Ci + ξi and DRj =
Dj + ηj for ξi ∈ HomC(Cα−1 ,Cα0) ⊗ mR and ηj ∈ HomC(Cα0 ,Cα1) ⊗ mR. By
the isomorphism mR ∼= mR′/a, we have lifts ξ′i ∈ HomC(Cα−1 ,Cα0) ⊗ mR′ and
η′j ∈ HomC(Cα0 ,Cα1) ⊗ mR′ of ξi and ηj respectively. We put CR
′
j := Cj + ξ
′
i,
DR
′
j := Dj + η
′
j .
Since DR
′
j C
R′
i +D
R′
i C
R′
j ≡ DRj CRi +DRi CRj = 0 modulo a, we have an element∑
i≤j
(
DR
′
j C
R′
i +D
R′
i C
R′
j
)
xixj ∈ HomC(Cα−1 ,Cα1)xixj ⊗ a.
By the image of this element to the cokernel of (8) tensored by a, we define an
element o(ER) in Ext2B(E,E) ⊗ a. This defines a well-defined map o : DE(R) →
Ext2B(E,E) ⊗ a and we easily see that ER lifts to DE(R′) if and only if o(ER) =
0. 
2.4. Chambers CP2 and Picard group of MP2(r, 1, n). We take
(9) αr =
 n2n+ r − 1
n− 1
 ∈ K(B)
such that ch(αr) = −(r, 1, 12 − n) and assume that MP2(r, 1, n) is not empty set.
Then there exists a chamber CP2 ⊂ α⊥r ⊗ R such that Φ( · [1]) induces an isomor-
phism
(10) MP2(r, 1, n) ∼=MB(αr, θ)
for any θ ∈ CP2 (see [Ohk, Main Theorem 5.1] or [Pot94]). The chamber CP2
is characterized as follows. We put θP2 := (−r − 1, 1,−1 + r). Then we have
θP2(Ox) = 0 for any skyscraper sheaf at x ∈ P2. The closure of CP2 contains the
ray R≥0θP2 and for certain θ ∈ CP2 we have θ(Ox) > 0 and MB(αr, θ) 6= ∅.
If we put θ0 := (−n+ 1, 0, n), then by [Ohk, Lemma 6.2] we have
(11) R>0θ0 + R>0θP2 ⊂ CP2 .
In the case where r = 1, by [Ohk, Lemma 6.3 (2)] we have R>0θ0 + R>0θP2 = CP2
for n ≥ 2 In the case where r ≥ 2, we will describe the chamber in § 3.4.
Since αr is indivisible by the definition (9), for any θ ∈ CP2 we have a uni-
versal family U on MB(αr, θ) as in (6). We define a homomorphism from α⊥r to
Pic (MB(αr, θ)) by
ρ(m) = m−1 det(U−1) +m0 det(U0) +m1 det(U1),
for m = (m−1,m0,m1) ∈ α⊥r . By (10) this gives a homomorphism ρ : α⊥r →
Pic (MP2(r, 1, n)). Then by [Dre98] we have the following proposition.
Proposition 2.3. The above map ρ : α⊥r → Pic (MP2(r, 1, n)) is an isomorphism.
Furthermore ρ(−3θP2) is the canonical bundle of MP2(r, 1, n).
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3. Proof of Main Theorem 1.4
We put αr,n :=
t (n, 2n− 1 + r, n− 1) ∈ K(B). In the following we omit ”n”
and put αr = αr,n except in § 3.4. Note that ch(αr) = −(r, 1, 12 − n). We put
θ0 := (−n + 1, 0, n) ∈ α⊥r and consider θ+ := θ0 + ε(2n− 1 + r,−n, 0) and θ− :=
θ0 − ε(2n − 1 + r,−n, 0) for ε > 0 small enough such that θ± lie on no wall. We
put M±(αr) :=MB(αr, θ±) and M0(αr) :=MB(αr , θ0). By (10) and (11) we have
an isomorphism
(12) MP2(r, 1, n) ∼=M−(αr).
By C± we denote the chamber containing θ± respectively and put W0 := R≥0θ0.
Since θ− ∈ CP2 , we have C− = CP2 . We automatically get the following diagram:
(13) M+(αr)
f+
%%K
KK
KK
KK
KK
K
M−(αr).
f−
yyss
ss
ss
ss
ss
M0(αr)
In this section we see that this diagram is described by stratified Grassmann bundles
and give a proof of Main Theorem 1.4.
3.1. Kronecker modules. We consider the 3-Kronecker quiver, which has 2 ver-
tices v−1, v1 and 3 arrows β0, β1, β2 from v1 to v−1
v−1• v1•βi
oo , (i = 0, 1, 2).
and consider the path algebra T . Any right T -module G has a decomposition
G = Gv−1 ⊕Gv1 and actions of βi define linear maps Gv−1 → Gv1 for i = 0, 1, 2.
By abbreviation we define θ0(G) ∈ R by
θ0(G) := (−n+ 1) dimCGv−1 + n dimCGv1.
We denote by K(T ) the Grothendieck group of the abelian category of finitely
generated right T -modules and take αT := n[Cv−1] + (n− 1)[Cv1] ∈ K(T ).
Definition 3.1. An right T -module G with [G] = αT ∈ K(T ) is stable if and only
if for any non-zero proper submodule G′ of G we have an inequality θ0(G
′) > 0.
We denote by MT (αT ) the moduli space of stable T -modules G with [G] = αT .
For any B-module E =
(
Cn
Ci→ C2n−1+r Dj→ Cn−1
)
, we define T -module ET by
ET :=
(
Cn
Ai→ Cn−1
)
,
where Ci and Dj are matrices with suitable sizes and we define Ai by Ai :=
Di+2Ci+1 for each i ∈ Z/3Z.
Lemma 3.2. For any B-module E =
(
Cn
Ci→ C2n−1+r Dj→ Cn−1
)
, the following
hold.
(1) E is θ0-semistable if and only if ET is stable.
(2) E is θ0-stable if and only if ET is stable and
HomB(E, S0) = HomB(S0, E) = 0.
(3) The following are equivalent.
(a−) E is θ−-stable.
(b−) E is θ−-semistable.
(c−) ET is stable and HomB(E, S0) = 0.
(4) The following are equivalent.
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(a+) E is θ+-stable.
(b+) E is θ+-semistable.
(c+) ET is stable and HomB(S0, E) = 0.
Proof. (1) For every submodule F ⊂ E, we have a submodule FT of ET . Conversely
for any submodule G′ of ET , we define a submodule F of E such that FT = G
′
as follows. We put Fv−1 := G
′v−1, Fv1 := G
′v1 and Fv0 :=
∑
iCi(Fv−1) ⊂ Ev0.
By the relations (4) we have a submodule F := Fv−1 ⊕ Fv0 ⊕ Fv1 of E and
θ0(F ) = θ0(FT ) = θ0(G
′). This yields the claim.
(2) For any non-zero proper submodule F ⊂ E, θ0(F ) = 0 if and only if dim(F ) =
(0, l, 0) or (n, l, n− 1) for 0 < l < 2n+ r − 1. There exists no such F if and only if
HomB(S0, E) = HomB(E, S0) = 0.
(3) (a−) =⇒ (b−) It is trivial. (b−) =⇒ (c−) We choose θ− = θ0 − ε(2n − 1 +
r,−n, 0) for ε > 0 small enough. If E is θ−-semistable, then for any submodule
F ⊂ E we have θ0(F ) ≥ 0, since θ−(F ) ≥ 0 for arbitrary small ε > 0. This
implies that E is θ0-semistable and hence by (1), ET is semistable. Any non-zero
φ ∈ HomB(E, S0) destabilize E. Hence we also have HomB(E, S0) = 0.
(c−) =⇒ (a−) We assume that ET is stable and HomB(E, S0) = 0. Hence for every
submodule F ⊂ E, we have θ0(F ) = θ0(FT ) ≥ 0. If θ0(F ) = 0 then HomB(E, S0) =
0 implies that F ∼= S⊕l0 for 0 ≤ l ≤ 2n + r − 1. In this case θ−(F ) = εnl > 0. If
θ0(F ) > 0 then we also have θ−(F ) > 0 for ε small enough. Hence E is θ−-stable.
(4) It is similar to the proof of (3).

By the above lemma we have morphisms pir± : M±(αr)→MT (αT ) : E 7→ ET .We
also see that the map E 7→ ET is independent of representatives of S-equivalence
class for θ0-stability up to isomorphism of T -modules. Hence we get the morphism
pir0 : M0(αr)→MT (αT ) and this map is set theoretically injective.
Lemma 3.3. The morphism pir0 : M0(αr)→MT (αT ) gives a closed embedding.
Proof. pir0 is induced from a homomorphism of graded rings of invariant sections,
therefore affine morphism. Since both of M0(αr) and MT (αT ) are projective, pi
r
0 is
finite. Since pir0 is set theoretically injective, the claim holds. 
Furthermore we easily see that morphisms
pin+1− : M−(αn+1)→MT (αT ), pin−2+ : M+(αn−2)→MT (αT )
are isomorphisms. Inverse maps
ET =
(
Cn
Ai→ Cn−1
)
7→ E± =
(
Cn
C
±
i→ C2n−1+r D
±
j→ Cn−1
)
of pin−2+ and pi
n+1
− are defined by
(C+0 , C
+
1 , C
+
2 ) =
 0 −A2 A1A2 0 −A0
−A1 A0 0
 ,
D+0D+1
D+2
 = I3n−3 for pin−2+
and
(C−0 , C
−
1 , C
−
2 ) := I3n,
D−0D−1
D−2
 :=
 0 −A2 A1A2 0 −A0
−A1 A0 0
 for pin+1− ,
where I3n and I3n−3 are unit matrices with sizes 3n and 3n− 3 respectively.
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Hence we get the diagram:
(14) M+(αr)
f+
&&M
MM
MM
MM
MM
M
g+

M−(αr)
g−

f−
xxqq
qq
qq
qq
qq
M0(αr)
pir0

M+(αn−2)
∼=
pi
n−2
+
// MT (αT ) M−(αn+1)
∼=
pi
n+1
−
oo
where g− := (pi
n+1
− )
−1 ◦pir0 ◦f− and g+ := (pin−2+ )−1 ◦pir0 ◦f+. Morphisms g− and g+
are explicitly defined by the following universal extensions for each E− ∈ M−(αr)
and E+ ∈M+(αr),
(15) 0→ Ext1B(E−, S0)∨ ⊗ S0 → g−(E−)→ E− → 0,
(16) 0→ E+ → g+(E+)→ Ext1B(S0, E+)⊗ S0 → 0.
Hence via isomorphisms (12), the morphism g− coincides with Yoshioka’s map ψ,
which is defined by a similar exact sequence (1). By Lemma 3.2 and the dia-
gram (14), we have
M0(αr) ∼= im g− ∼= imψ.
This gives a proof of (1) in Proposition 1.3.
3.2. Brill-Noether locus. We introduce the Brill-Noether locus M i−(αr) and
M i+(αr) as follows.
M i−(αr) := {E− ∈M−(αr) | dimCHomB(S0, E−) = i},
M i+(αr) := {E+ ∈M+(αr) | dimCHomB(E+, S0) = i}.
When we replace ’=i’ by ’≥ i’ in the right hand side, the corresponding moduli
spaces are denoted by the left hand side with ’i’ replaced by ’≥ i’.
If we put δ∗ :=
∑
i xi◦δ∗i : U0 → U1⊗x, then the zero locus of ∧rkU0−i+1δ∗ defines
M≥i− (αr) as a closed subscheme of M−(αr) because ker δ
∗
x
∼= HomB(S0,Ux) for any
x ∈ M−(αr), where U =
(
U−1 γ
∗
i→ U0
δ∗j→ U1
)
is a universal family of B-modules
on M−(αr). Similarly, M
≥i
+ (αr) is defined as a closed subscheme of M+(αr).
M i−(αr) = M
≥i
− (αr) \M≥i+1− (αr) and M i+(αr) = M≥i+ (αr) \M≥i+1+ (αr) are open
subset of M≥i− (αr) and M
≥i
+ (αr), respectively.
3.3. Set-theoretical description of Grassmann bundles. By Lemma 3.2 we
have the following proposition.
Proposition 3.4. The following hold.
(1) For any E− ∈ M i−(αr), we put E′ := coker (HomB(S0, E−)⊗ S0 → E−).
Then E′ is θ−-semistable and HomB(S0, E
′) = 0, that is, E′ ∈ M0−(αr−i).
Hence E′ is also θ0-stable.
(2) Conversely, for any E′ ∈M0−(αr−i) and any i-dimensional vector subspace
V ⊂ Ext1B(E′, S0), we obtain a B-module E− by the canonical exact se-
quence
0→ V ∨ ⊗ S0 → E− → E′ → 0.
Then E− is θ−-semistable and HomB(S0, E−) ∼= V , that is, E− ∈M i−(αr).
(3) For any E+ ∈ M i+(αr), we put E′ := ker (E+ → HomB(E, S0)∨ ⊗ S0).
Then E′ is θ+-semistable and HomB(E
′, S0) = 0, that is, E
′ ∈ M0+(αr−i).
Hence E′ is also θ0-stable.
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(4) Conversely, for any E′ ∈M0+(αr−i) and any i-dimensional vector subspace
V ⊂ Ext1B(S0, E′), we obtain a B-module E+ by the canonical exact se-
quence
0→ E′ → E+ → V ⊗ S0 → 0.
Then E+ is θ+-semistable and HomB(E+, S0) ∼= V , that is, E+ ∈M i+(αr).
By Lemma 3.2, M0−(αr−i) is set theoretically equal to M
0
+(αr−i). For any B-
module E, we have Ext2B(S0, E) = Ext
2
B(E, S0) = 0 by [Ohk, Lemma 4.6 (1)].
Hence by the Rieman-Roch formula, for any element E′ ∈ M0−(αr−i) = M0+(αr−i)
we have dimC Ext
1
B(E
′, S0) = n+ 1− r + i and dimC Ext1B(S0, E′) = n− 2− r + i.
If n− 2− r ≥ 0, then by the above lemma we have set theoretical equalities
f−
(
M i−(αr)
)
=
{
S⊕i0 ⊕ E′ | E′ ∈M0−(αr−i) =M0+(αr−i)
}
/ ≡S
= f+
(
M i+(αr)
)
,
(17)
where ≡S denotes the S-equivalence relation (cf. [Ohk, § 4.1]). This gives a proof of
(1) of Main Theorem 1.4. Fibers of S-equivalence class of S⊕i0 ⊕E′ by f− and f+ are
parametrized by Gr(Ext1B(E
′, S0), i) and Gr(Ext
1
B(S0, E
′), i) for E′ ∈M0−(αr−i) =
M0+(αr−i).
Lemma 3.5. For any integer i > r the following holds.
M i−(αr) =M
i
+(αr) = ∅
Proof. By [Yos03, Lemma 5.7], we have M i−(αr) = ∅ for any i > r. By (17) this
implies M i+(αr) = ∅. 
3.4. Description of CP2. In the following proposition we use the symbol αr,n =
t(n, 2n− 1 + r, n− 1) ∈ K(B).
Proposition 3.6. The following hold.
(1) MP2(r, 1, n) 6= ∅ if and only if n ≥ r − 1.
In the following, we assume r ≥ 2.
(2) W0 = R≥0θ0 is a wall on α
⊥
r,n ⊗ R for n ≥ r − 1.
(3) WP2 = R≥0θP2 is a wall on α
⊥
r,n ⊗ R for n ≥ r.
Hence we have R>0θ0 + R>0θP2 = CP2 if n ≥ r.
Proof. (1) By the criterion for the existence of non exceptional stable sheaves in
[Pot97, § 16.4], we have our claim.
(2) We assume n ≥ r − 1. By (1), there exists an element E of M−(αr−1,n) ∼=
MP2(r − 1, 1, n). By Lemma 3.2 (1), a B-module E ⊕ S0 is θ0-semistable and has
a submodule S0 with θ0(S0) = 0. Hence W0 = R≥0θ0 is a wall on α
⊥
r,n ⊗ R.
(3) We assume n ≥ r and take an element F of MP2(r, 1, n− 1). We consider the
exact sequence
0→ F ′ → F → Ox → 0
for skyscraper sheaf Ox at any point x ∈ P2. Then F ′ is stable since µ(F ′) =
µ(F). This gives elements F := Φ(F [1]), F ′ := Φ(F ′[1]) of M−(αr,n−1), M−(αr,n)
respectively and an exact sequence of B-modules
0→ Φ(Ox)→ F ′ → F → 0.
Hence WP2 = R≥0θP2 is a wall on α
⊥
r ⊗R. These together with (11) imply the last
assertion. 
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By this proposition and [Ohk, Lemma 6.3 (2)] we have R>0θ0+R>0θP2 = CP2 if
r = 1 and n ≥ 2, or r ≥ 2 and n ≥ r. In this case C+ is different from C− = CP2 and
it is adjacent to C− = CP2 with the boundary containing W0. By the description
of the canonical bundle of M−(αr) in Proposition 2.3 we see that the diagram (13)
gives the flip of M−(αr). Hence we get an isomorphism M+(αr) ∼=M+(r, 1, n) and
a proof of (2) in Proposition 1.3.
Proposition 3.7. Moduli schemes M−(αr) and M+(αr) are smooth.
Proof. By Lemma 2.2, deformation functors of B-modules E have obstruction the-
ories with values in Ext2B(E,E). Since Ext
2
B(E−, E−) = 0 for any E− ∈M−(αr) ∼=
MP2(r, 1, n) we see that M−(αr) is smooth (cf. [HL97, Corollary 4.5.2]). Further-
more if E+ is an element of M+(αr) then by Proposition 3.4 we have an exact
sequence
0→ E′ → E+ → Ci ⊗ S0 → 0
for some i and E′ ∈M0−(αr−i). Since
Ext2B(S0, E+) = Ext
2
B(E
′, E′) = Ext2B(E
′, S0) = 0,
we also have Ext2B(E+, E+) = 0. Thus M+(αr) is also smooth. 
In the rest of this section we show that the diagram (13) is scheme theoretically
described by stratified Grassmann bundles.
3.5. Coherent systems. For r ≥ i ≥ 0 we define moduli of coherent systems
M−(αr, i) and M+(αr, i) :
M−(αr, i) := {(E−, V ) | E− ∈M−(αr), V ⊂ HomB(S0, E−) with dimC V = i},
M+(αr , i) := {(E+, V ) | E+ ∈M+(αr), V ⊂ HomB(E+, S0) with dimC V = i}.
These moduli schemes are constructed as follows. We only show the construction
of M−(αr, i) because the construction of M+(αr, i) is similar.
We introduce the following quiver with relations (Q¯, I), where
Q¯ :=
u•
ρ

v¯−1• v¯0•
γ¯i
oo
ι

v¯1• ,
δ¯j
oo
w•
(i, j = 0, 1, 2)
and I is generated by the following relations
γ¯iρ = ιδ¯j = γ¯iδj + γ¯jδi = ιρ = 0, (i, j = 0, 1, 2).
Let B¯ be a path algebra CQ¯/I of the quiver with relations (Q¯, I). We have simple
modules Cv¯−1, Cv¯0, Cv¯1, Cu and Cw. For each αr ∈ K(B), we put
α¯r := n[Cv¯−1]+ (2n+ r− 1)[Cv¯0]+ (n− 1)[Cv¯1]+ (2n+ r− i)[Cu]+ i[Cw] ∈ K(B¯),
and for θ− = (θ
−1
− , θ
0
−, θ
1
−) ∈ α⊥r and ε′ > 0 small enough, we put
θ¯− := θ
−1
− [Cv¯−1]
∗ + θ0−[Cv¯0]
∗ + θ1−[Cv¯1]
∗ +
ε′
2n+ r − i− 1 [Cu]
∗ − ε
′
i
[Cw]∗ ∈ α¯⊥r .
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For any right B¯-module E¯− with [E¯−] = α¯r ∈ K(B¯),
E¯− =
0 //
	
C2n−1+r−i //
	
0
Cn
	
OO
C¯i // C2n−1+r
B
OO
D¯j
//
	
Cn−1
OO
0
OO
// Ci
A
OO
// 0
OO
we put
E− :=
(
Cn
C¯i // C2n−1+r
D¯j
// Cn−1
)
.
The following lemma is proved similarly as in Lemma 3.2 (3).
Lemma 3.8. If we take ε′ small enough, then E¯− is θ¯−-semistable if and only if
E− is θ−-semistable and A is injective and B is surjective.
Hence if we denote by MB¯(α¯r, θ¯−) the moduli of θ¯−-semistable B¯-module E¯−
with [E¯−] = α¯r, we get an isomorphism MB¯(α¯r, θ¯−)
∼= M−(αr, i). We write as
E¯− = (E−,C
i) ∈M−(αr , i) by abbreviation.
We have morphisms
q1 : M−(αr, i)→M−(αr) : E¯− = (E−,Ci) 7→ E−
and
q2 : M−(αr, i)→M−(αr−i) : E¯− 7→ q2(E¯−)
defined by the canonical exact sequence
0→ Ci ⊗ S0 → E− → q2(E¯−)→ 0.
Similarly we have morphisms q′1 : M+(αr, i) → M+(αr) and q′2 : M+(αr, i) →
M+(αr−i). If we take an element E¯+ := (E+,C
i) ∈ M+(αr , i), then q′1 and q′2 are
defined by q′1(E¯+) = E+ and q
′
2(E¯+) := ker
(
E+ → (Ci)∗ ⊗ S0
)
.
Proposition 3.9. The following hold.
(1) The morphism q1 : M−(αr, i) → M−(αr) is a Gr(j, i)-bundle over each
strata M j−(αr). In particular we have an isomorphism
q1 : q
−1
1 (M
i
−(αr))
∼=M i−(αr).
(2) The morphism q2 : M−(αr, i)→M−(αr−i) is a Gr(n+1− r+ i, i)-bundle.
In particular, we have an isomorphism q2 : M−(αn+1, i) ∼=M−(αn+1−i).
(3) For any j ≥ 0, we have q−11 (M i+j− (αr)) ∼= q−12 (M j−(αr−i)).
(4) The morphism q′1 : M+(αr, i) → M+(αr) is a Gr(j, i)-bundle over each
strata M j+(αr). In particular we have an isomorphism
(q′1)
−1(M j+(αr))
∼=M j+(αr).
(5) The morphism q′2 : M+(αr, i)→M+(αr−i) is a Gr(n− 2− r+ i, i)-bundle.
In particular we have an isomorphism q′2 : M+(αn−2, i)
∼=M+(αn−2−i).
(6) For any j ≥ 0, we have q′1−1(M i+j+ (αr)) ∼= q′2−1(M j+(αr−i)).
Proof. (1) The fiber of q1 overE− ∈M j−(αr) is parametrized byGr(HomB(S0, E−), i)
for all j ≥ i. For the universal bundle U in (6), as in § 3.3 we put δ∗ :=∑
i δ
∗
i ⊗xi : U0 → U1⊗x. Then for any point p ∈M−(αr), we have HomB(S0,Up) ∼=
(ker δ∗)p. Since ker δ
∗ is locally free of rank j on M j−(αr) (cf. [ACGH84, Chapter
II]), we have Gr(j, i)-bundle Gr(ker δ∗|
M
j
−
(αr)
, i) on M j−(αr).
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On the other hand, by the definition of M j−(αr) (cf § 3.2), we easily see that
M j−(αr) represents the moduli functor parametrizing families of θ−-semistable B-
modules E− with [E−] = αr and dimCHomB(S0, E−) = j. Hence q
−1
1 (M
j
−(αr))
have the same universal property ofGr(ker γ∗|
M
j
−
(αr)
, i) and we have q−11 (M
j
−(αr))
∼=
Gr(ker γ∗|
M
j
−
(αr)
, i).
(2) The fiber of q2 over E
′ = q2(E¯−) is parametrized by Gr
(
Ext1B(E
′, S0), i
)
. For
the universal family U ′ =
(
U ′−1
γ′
∗
i→ U ′0
δ′
∗
j→ U ′1
)
of B-modules on M−(αr−i), we put
γ′
∗
:=
∑
i
γ′
∗
i ⊗ x∗i : U−1 ⊗ x→ U0.
Since we have (ker γ′
∗
)∨p′
∼= Ext1B(U ′p′ , S0) for any p′ ∈ M−(αr−i). Similarly as in
(1) we get
M−(αr, i) ∼= Gr
(
(ker γ′
∗
)∨, i
)
.
(3) Since spaces of both sides have the same universal property, our claim holds.
(4), (5) and (6) are proved similarly as in (1), (2) and (3). 
Corollary 3.10. M i−(αr) and M
i
+(αr) are smooth for any i, r ≥ 0.
Proof. The restriction of the morphism q1 : M−(αr, i)→ M−(αr) gives an isomor-
phism
q−11 (M
i
−(αr))
∼=M i−(αr).
By Proposition 3.9 (3) we have an isomorphism M i−(αr)
∼= q−12 (M0−(αr−i)). Hence
by Proposition 3.9 (2),M i−(αr) is isomorphic to a Grassmann-bundle overM
0
−(αr−i).
Since M0−(αr−i) is smooth by Proposition 3.7, we see that M
i
−(αr) is also smooth.
Similarly M i+(αr) is shown to be smooth. 
3.6. Stratified Grassmann bundle. In this section we show that morphisms
f± : M±(αr)→M0(αr) are described by stratified Grassmann bundles using Propo-
sition 3.9.
We consider the diagram:
M−(αn+1, n+ 1− r)
∼=
q2
vvmm
mm
mm
mm
mm
mm
m
q1
))R
RR
RR
RR
RR
RR
RR
M−(αr) M−(αn+1).
By Proposition 3.9 (2), q2 is an isomorphism and we have a map q1◦q−12 : M−(αr)→
M−(αn+1), which coincides with g− by (15). This gives another proof of Theo-
rem 1.1. Similarly the map q′1 ◦q′2−1 : M+(αr) ∼=M+(αn−2, n−2−r)→M+(αn−2)
coincide with the map g+ by (16). For any r ≥ 0, we have isomorphismsM0−(αr) ∼=
Mn+1−r− (αn+1) and M
0
+(αr)
∼=Mn−2−r+ (αn−2) via g− and g+ respectively. In par-
ticular, we have isomorphisms
M0−(αr−i)
∼=Mn+1−r+i− (αn+1),M0+(αr−i) ∼=Mn−2−r+i+ (αn−2).
By the diagram (14), Mn+1−r+i− (αn+1) andM
n−2−r+i
− (αn−2) coincide with images
f−(M
i
−(αr))
∼= f+(M i+(αr)) of f− and f+. This gives a proof of (2) in Main
Theorem 1.4.
By Proposition 3.9 and the diagram (14) we also have proofs of (3) and (4) in
Main Theorem 1.4.
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3.7. Hodge polynomials of flips. We study the difference between Hodge poly-
nomials of M−(αr) and M+(αr). To do this we use the virtual Hodge polynomial
e(Y ) :=
∑
p,q e
p,q(Y )xpyq for any variety Y (cf. [DK87]).
By Main Thoerem 1.4 we get the following diagram
(18) ⊔M i+(αr)
f+
&&L
LL
LL
LL
LL
L
⊔M i−(αr)
f−
xxrr
rr
rr
rr
rr
⊔M i0(αr)
where restrictions of f+ and f− toM
i
± are Gr(n−2−r+i, i)-bundle and Gr(n+1−
r + i, i)-bundle over M i0(αr)
∼=M0±(αr−i), respectively. Hence we get the following
equality.
(19) e (M−(αr))− e (M+(αr)) =∑
i>0
(
e (Gr(n + 1− r + i, i))− e (Gr(n− 2− r + i, i))
)
e
(
M0−(αr−i)
)
.
In the following we compute the Hodge polynomial of M+(αr) from that of
M−(αr) in the case where r = 1, 2. In this case, we know the Hodge polynomial of
M−(αr) ∼=MP2(r, 1, n) from [ES93] and [Yos94]. We need the following proposition.
Proposition 3.11. We have following isomorphisms:
M−(α0) ∼=M+(α0) ∼= P2.
A proof of this proposition is given in Appendix. From this proposition and (19),
we get the following:
· · · =M+(1, 1, 1) =M+(1, 1, 2) = ∅,
e (M+(1, 1, 3)) = t
12 + t10 + 3t8 + 3t6 + 3t4 + t2 + 1,
e (M+(1, 1, 4)) = t
16 + 2t14 + 5t12 + 8t10 + 10t8 + 8t6 + 5t4 + 2t2 + 1,
e (M+(1, 1, 5)) = · · ·+ 21t10 + 19t8 + 11t6 + 6t4 + 2t2 + 1,
e (M+(1, 1, n)) = e (MP2(1, 1, n))− (t2n+4 + 2t2n+2 + 3t2n + 2t2n−2 + t2n−4),
and
· · · =M+(2, 1, 1) =M+(2, 1, 2) =M+(2, 1, 3) = ∅,
e (M+(2, 1, 4)) = · · ·+ 12t12 + 10t10 + 8t8 + 5t6 + 3t4 + t2 + 1,
e (M+(2, 1, 5)) = · · ·+ 67t16 + 60t14 + 48t12 + 32t10 + 20t8 + 10t6
+ 5t4 + 2t2 + 1,
where t = xy.
Appendix A. Proof of Proposition 3.11
We take α0 ∈ K(P2) such that ch(α0) = −(0, 1, n) as in §3 and give a proof of
Proposition 3.11.
A.1. Bridgeland stability. We briefly introduce the concept of Bridgeland sta-
bility. For details the reader can consult [Bri07]. Let A be an abelian category,
K(A) the Grothendieck group of A.
Definition A.1. A stability function Z on A is a group homomorphism from K(A)
to C satisfying that for any object E ∈ A, if E is not equal to zero we have Z(E) ∈
R>0 exp(
√−1piφ(E)) with 0 < φ(E) ≤ 1.
The real number φ(E) is called phase of E.
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Definition A.2. A nonzero object E ∈ A is semistable with respect to Z if and
only if for any proper subobject 0 6= F ( E we have φ(F ) ≤ φ(E). If the inequality
is always strict we call E to be stable with respect to Z.
Let T be a triangulated category, K(T ) the Grothendieck group of T .
Definition A.3. A stability condition σ on Db(P) is a pair σ = (A, Z), which
consists of a full subcategory A of T and a group homomorphism Z : K(T ) → C
satisfying following conditions:
• A is a heart of a bounded t-structure of T , which implies A is an abelian
category and K(A) is isomorphic to K(T ) by the inclusion A ⊂ T . Hence
we always identify them.
• Z is a stability function on A via the above identification K(A) = K(T ).
• Z has Harder-Narasimhan property.
We omit the definition of “a heart of a bounded t-structure” and “Harder-
Narasimhan property” (see [Bri07, § 2 and § 3]). We denote a set of all stability
conditions satisfying a technical condition called “local finiteness” (see [Bri07, § 5])
by Stab(T ).
Definition A.4. For a stability condition σ = (A, Z) ∈ Stab(T ), an object E ∈ T
is called σ-(semi)stable if and only if E belongs to A up to shift functors [n] : T → T
for n ∈ Z, and it is semistable with respect to Z.
In the following we only consider the case where T = Db(P2) and we put
Stab(P2) := Stab(T ). For α ∈ K(P2) and σ = (A, Z) ∈ Stab(P2), we define a mod-
uli functor MDb(P2)(α, σ) of σ-semistable objects E ∈ A with [E] = α ∈ K(P2) as
follows. The moduli functor MDb(P2)(α, σ) is a functor from (Sch/C) to (Set). For
a scheme S over C it sends S to a setMDb(P2)(α, σ)(S) of families F ∈ Db(P2×S)
of σ-semistable objects with class α in K(P2). This means that for any C-valued
point s ∈ S, the fiber Lι∗sF ∈ D−(P2) belongs to the full subcategory A ⊂ Db(P2)
and σ-semistable with [Lι∗sF ] = α ∈ K(P2).
There exists a right action of G˜L
+
(2,R) on Stab(P2) and this action does not
change semistable objects. Hence for any α ∈ K(P2), σ ∈ Stab(P2) and g ∈
G˜L
+
(2,R), there exists an integer n ∈ Z such that shift [n] induces an isomorphism
of functors
MDb(P2)(α, σ) ∼=MDb(P2)((−1)nα, σg) : E 7→ E[n].
A.2. Geometric stability. Let H be the ample generator of Pic(P2) and s, t ∈ R
with t > 0. For any torsion free sheaf E on P2, the slope of E is defined by µH(E) :=
c1(E)
rk(E) and define µH -semistability. E has the Harder-Narasimhan filtration with µH -
semistable factors. We denote the maximal value and the minimal value of slopes
of µH -semistable factors of E by µH−max(E) and µH−min(E), respectively. Then
we define a pair σ(sH,tH) = (A(sH,tH), Z(sH,tH)) as follows.
Definition A.5. An object E ∈ Db(P2) belongs to the full subcategory A(sH,tH) if
and only if
• Hi(E) = 0 for all i 6= 0,−1
• H0(E) is torsion or µH−min(H0(E)fr) > st, where H0(E)fr is the free part
of H0(E)
16 RYO OHKAWA
• H−1(E) is torsion free and µH−max(H−1(E)) ≤ st.
The group homomorphism Z(sH,tH) is defined by
Z(sH,tH)(E) := −
∫
P2
ch(E) exp(−sH −√−1tH).
If s and t belong to Q, then σ(sH,tH) is a stability condition on D
b(P2) (cf.
[ABL]). In general we do not know wheather σ(sH,tH) is a stability condition on
Db(P2). We have the following criterion due to Bridgeland.
Proposition A.6. cf. [Ohk, Proposition 3.6] For σ ∈ Stab(P2), there exist g ∈
G˜L
+
(2,R) and s, t ∈ R with t > 0 such that σ = σ(sH,tH)g if and only if the
following conditions (i) and (ii) hold.
(i) For any closed point x ∈ P2, the skyscraper sheaf Ox is σ-stable.
(ii) For any β ∈ K(P2), if Z(β) = 0 then c21 − 2r ch2 < 0 where ch(β) =
(r, c1, ch2).
A.3. Proof of Proposition 3.11. We take σs = (A, Zs) ∈ Stab(P2) for s ∈ R
with −1 < s < 1, where
A = 〈OP2(−1)[2],OP2[1],OP2〉
and Zs is a group homomorphism Zs : K(P2)→ C defined by
Zs(e−1) =
−s− 1
2
, Zs(e0) = 1 +
√−1, Zs(e1) = −s+ 1
2
for ei = [OP2(i)[1− i]] ∈ K(P2), i = −1, 0, 1. Then by Proposition A.6 we see that
there exists an element gs ∈ G˜L+(2,R) such that
(20) σs = σ(sH,tH)g
s,
where t =
√
1− s2.
We take α0 =
t(n, 2n − 1, n − 1) ∈ K(B) and define a group homomorphism
θ˜s : K(B)→ C by
θ˜s(β) = det
(
ReZs(β) ReZs(α0)
ImZs(β) ImZs(α0)
)
for each β ∈ K(B). Then by [Ohk, Proposition 1.2], MB(α0, θ˜s) corepresents the
moduli functor MDb(P2)(α0, σs). Furthermore by (20), we have an isomorphism
(21) MDb(P2)(−α0, σ(sH,tH)) ∼=MDb(P2)(α0, σs) : E 7→ E[1]
of moduli functors. We notice that for an object E ∈ A(sH,tH), we have [E] =
−α0 ∈ K(B) ∼= K(P2) if and only if ch(E) = (0, 1, 12 − n) ∈ Z ⊕ Z ⊕ 12Z. We give
the following lemmas to prove Proposition 3.11
Lemma A.7. We assume −1 < s ≤ 0 and put t = √1− s2. Then for any line
L ⊂ P2, the structure sheaf OL(1−n) tensored by OP2((1−n)H) is σ(sH,tH)-stable.
Proof. We show that OL(1 − n) ∈ A(sH,tH) is σ(sH,tH)-stable for any line L ⊂ P2.
We take an exact sequence in A(sH,tH)
0→ F → OL(1− n)→ G→ 0.
Then we have a long exact sequence
0→ H−1(G)→ F → OL(1− n)→ H0(G)→ 0.
If the dimension of support of H0(G) is equal to 1, we have rk(F ) = rk(H−1(G)),
c1(F ) = c1(H−1(G)). If rk(F ) 6= 0, this contradicts the fact that F,G ∈ A(sH,tH)
implies inequalities µtH(H−1(G)) ≤ st < µtH(F ). Hence F is a torsion sheaf and
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H−1(G) = 0. This implies F = 0 and G = OL(1 − n) since OL(1 − n) is a pure
sheaf.
If the dimension of support of H0(G) is equal to 0, we have rk(F ) = rk(H−1(G)),
c1(F ) = c1(H−1(G))− 1. Inequalities µH(H−1(G)) ≤ st < µH(F ) implis
c1(F ) = 1, and c1(H−1(G)) = 0.
Hence we have ImZ(sH,tH)(G) = rk(H−1(G))st. In the case where s < 0 this implies
H−1(G) = 0 since ImZ(sH,tH)(G) ≥ 0. In any case, we have ImZ(sH,tH)(G) = 0
and
φ(G) = 1 > φ(OL(1− n)).
Hence G does not break σ(sH,tH)-stability of OL(1− n). 
Lemma A.8. An object E ∈ A(0,H) with [E] = −α0 is σ(0,H)-semistable if and
only if E ∼= OL(1 − n) for a line L on P2.
Proof. We assume that E ∈ A(0,H) is σ(0,H)-semistable and H−1(E) 6= 0. We put
F := H−1(E)[1] and G := H0(E). Then an exact sequence in A(0,H)
0→ F → E → G→ 0
implies that 0 ≤ ImZ(0,H)(F ) < ImZ(0,H)(E) = t ≤ 1. If we put ch(F ) =
−(r, c1, ch2) with r > 0. Then ImZ(0,H)(F ) = −c1 = 0 hence we see that
φ(E) < φ(F ) = 1 contradicting to σ(0,H)-semistability of E. Thus E is a sheaf
with ch(E) = (0, 1, 12 − n). Any subsheaf with support dimension 1 of E break
σ(0,H)-semistability of E. Hence we see that E is a pure sheaf. This shows that
E ∼= OL(1 − n) for a line L on P2.
Conversely by Lemma A.7, we see that OL(1 − n) ∈ A(0,H) is σ(0,H)-semistable
for any line L ⊂ P2. 
By this lemma and the isomorphism (21), the moduli functor MDb(P2)(α0, σ0)
is represented by P2 ∼= {OL(1 − n) | L ⊂ P2 : line }. By [Ohk, Proposition 4.4],
MDb(P2)(α0, σ0) is also represented byMB(α0, θ˜0). Hence we have an isomorphism
MB(α0, θ˜
0) ∼= P2. If we put s0 := − 12n−1 , then we have θ˜s0+ε ∈ C−, θ˜s0−ε ∈ C+
and θ˜s0 ∈ W0 for ε > 0 small enough. By Lemma A.7 every object in MB(α0, θ˜0)
is θ˜s-stable for −1 < s ≤ 0. Hence W0 is not a wall and C± and W0 are contained
in a single chamber. As a consequence we have isomorphisms
M+(α0) ∼=M−(α0) ∼=MB(α0, θ˜0) ∼= P2.
This completes the proof of Proposition 3.11.
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